ONIT-V
G’L'YQP(ﬂL -[Hco;‘%_
@(p%smﬂﬁ'@ﬂ o-f [mqphe‘.

Theve ave 4wo Jdiffevent seCLuenH’CJ YepYesen-
toHon  of 3mpk. 7}195 ave

i @QQUQ(Q h(ﬁ MQH;’X YG’PTESCFHLQ‘HOO
o ,30‘“1 Matiy Yepvesentertion
QCIJ'QCenc(C,}[ Moty iy errcserr%oﬂon.

guppose b1 15 A simple cJHec—hv_d va ph
wih M Aodes, amd suppose the nodes of 4 have
been ovdeved cnd ove c)led VI, vz, - - Vm  dhenthe
demen(g mMoNIX A = (aif) of +he 510(#) b 19 “4he mxm
matix defined as follbws.

1 vi s adjacent o V). dhat s -
theve s om 80136“”) Vi)

iy = O otheywrse

a

Suppose bv 8 an pndivected éproep}n Then
‘the Oo)jo[enca malix A of (7 will ke & S&mmﬁfﬁc
eAtriy e, ont in which aiy =yt dor _gveyﬁ Fand)
Dyawkacks
I Tt was way be difHiwlt 4o insert+ and delete nades
in 6.
2, i Hhe number of ecfaes s 0tm) o O(m/o&zm),
dhen +dhe matix 4 (Hill be spavse, henwe o

8T(>Q1‘-
deal of space will be wasted,

Wwi k-5 \i -1 }’&L”



g
Dath ot x Lepresentation
At 61 be q Simple dRrected amph wi+h

M nodes, Vi vz, - — Vm. The perth makix of G is
the m-Squave matrix p- (1] ) defined as follows.

) 1 I+ Hheve (6 G path fom Vihy v
Pu': E

Graphs  omd ™ ul#avapbs,

A graph 6 consists of- kao things;
b A set V of clements called nodes (0¥ points oy

Vo Fices)
2 A set -F ot ed(r.]es such hat each ed@e e m - ig

Yderrhfed eorth o LNIGUE .

vnovdeved pafy [u,v] of nodes 'n v, denoteed bJ |
' o = ’[UIU
_s(:merhmes we rnaicate the OQ¥HS O‘[’- i 6YC(ph ba |

wv‘pHnch Gi= (ve). Suppose €=Llu V] . Then -the
nades  y omd v ave called Hhe endpoints of e omd
orodv a¥e sald 4 be adjacert rnodes o ”f’éjhbﬁs.
The deﬁﬂﬁe of- a node U- wyiten c‘fﬁ(u)i is +he
num ber  of eefﬁes comnini‘ndq (i deg ()=0) —tbat
e, i u does not belon(?h) Y edge —then ¢ is
called o solated node.

0 O0thevw!se.

Uwnit--S, Py - Z- ) LYy



perth ondd Lz?clc

A - path p of (Pﬂﬁ#\ n from a node

U Ho a node v i’ defined as a sequence of at)
nodes: P= (vo, Vi, V2--. .-Vn) such that u= v vi-
15 OO')'QCPF)‘)" o vi _/30{ P=1,2 . - -, n and VO=V.

Ttdpes of path e

T S?mple path
9 C@Cle poth
Uy simple pcrth
simple path is a eath in which fivst omd Jas+
vevtex ove diffevent (vo <+ Vn)
o) Cacfc path .
gycle peth %5 o path ¥n whith fivet and Jact

Vevtex ~ ave game (yp=vVn) Is alep called ag closel
parth

eonnected  bvaph
A a«raph (173 sald fo be connected I L
theve s o poth between Onéj ~+wo of 1S nodes

complete Grgph
(A afoph h ts callod 1o be wmple te 1f eveva
node U ™n (Vs odjacent o vy othey node v 1pg,

Tree
N connected 8~rapk T wHhoyt Gﬂ& cycles 15
called o tee amph oY fee tvee oy, Sf'mpfa cfree

uw il -S Pf) -rﬁ}’)/\{'



Labeled o welghted buaph

al-F the weight Is Q&Sfanpd o eath (d@@ O'I(‘H’)(’
8*09’“ then ™ 13 called as wefﬁhv‘rc/ of lobe led
@wph . 8t petens |

*.J
o
wa
&

u)elavh'h’d ov -Labeled amph e

The definiton of o 8‘“‘!’35 My, be 8€nevo)fh°d
b&l P“mi”%'”a he ~Follow?na-.

I NUI‘HP'C eolaes'. DisHnr rdaes cand el cive called
multiple edpes i -they onnet Hhe same endp rnie .
Fhat s, iFe=[uv] and e'x [y, vT.

1. Mufiple eclscies" Distinct cdges e eond el orve
_Ca”cd multiple Cdaes i #wea connect ‘he 2ame
endpointe, thot s, if e= [uv] amd e'= ]

2. loops* edn eé@e e i3 called a loop i+ hgsg

tdeatecal endpoints, that is. if e=ru,uj. |
3, fiarte a'f(]ph; A mulﬁ'ﬁmph M S saPd 4 be
tintke W H has o Hinite numbey 0£ nodes omd q
Binite nNumber o edaes, |

L.\_,'\'Jv\“gf\)?j g/zi+
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AT e
e = |
Vel J
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a) Gwapb
/"'/
14
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(b) Tvyee
f e R
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,./""
¢ ,/ LAY o »c
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ye Py /g“ 4
o |
6 ™~y
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C G 0

() welahied gvop b
> \

‘Diverted brvaph

@Q divected 8~rqph 6. alse alled o th'ﬁxqg')h Cvaoﬁa

15 the same as “a multgraph exeept Jhet eath f’(\’ﬁe
e tn b is assigned a divechon ., os In other wovds . ecieh
cé&e e S Wentified with an Ovdeved paivy

b

(Vv frocks

Sy

tni b =S, Pﬁ‘



OqudeaTec and Indcﬁweh

indegvee, The ?nole@wree of a vertex 18 the numbey
of egaee +o¥ which v 18 heod.
%”zcample_

Y « T

Pl ———. B insrsinmad F g %
{, e ;; { ':.“\'l___ =-= > J ;ﬂ‘ f
! b e ans —_— 7 gt

:‘n&egves ol | =
fno}egvec’ 02 =2

Otﬁdea\ree: The oum‘-de@'rec of c node oY veYter fsdhe
nuMbey of- cclges’fiov wwhich v 15 +qil

Lxcrmple

() Pm— 3 ~— ®
OU‘@P@’YGC’ of =
ouﬂeawrec ot 2 =2
Simple Divected 601G Ph
(™ dxeted @mph b 18 8aid 1o be cimple if

b has no pasallel eciaaa A simple gvaph 6 maarhavc’
loops: but W connpt hoave mpYe hqn One lbop

at o given nodle -
Sr'mplé DRectad C‘n‘faPh,'—

A divected aTCfFJ') b ig said o be Sirple H-
b has no poralle) eofaes- ™ simple graph 4 ym‘y

have @opsS. but it cannot have move then ppe
loop at G 8l'ven node.

Unit-S, Pq —& /”’U%'



| breaph Travev 5q/

The byeadth fivst seavch (BFS) and he depth
Hivet Search (DRs) ave the +we alosyithms vsed fy
"rm\:ews:‘na ond 69a¥rhr'n@ a node ina - "yqph.f Th
tem alse “be vsed +o Bnd out Whethey Q node
15 yeathoble from @ arvm node OF Not-

Depth HFvst Seavch (pres)

The alm of Des afgov¥hm Bs 4 Haverse Jhe
WQDH n suth 0 wo -ng H HNres ‘foao Qv fom
+he Yoot node ctack ~ fa psed ih Hhe implernentahon

of the deplh fivst seavch - Ledls see hoy depth  Fiys-
geotvth copsks wih Yespet o he ﬁ/lowinﬁ ﬁvqoh.r |

O

| s stavted befove. in DFS, nodes ave visited
by a@?nﬁ %woua\lw the depth of +he tvee Fromhe
;g{_oﬁ.h'n nede T+ e do Hhe o’Pp‘H) fiva+ taveygal
'61( the above ﬁ*rqph ond pYint Hhe vigited ngde, i~
will ke " ABEFD" DFAS Visits t+he yoot node omd
Hhen e thildven Nades onil # Yeaches The end

node . ie. Ednd £ nodes, then moves op b the
povNenT Nooks .

n) -5, PLJ = ;/7/9,



Al 8o\r?+hmi C steps |

hstep 1. push the yoof node in #he stack.

Listep 2! loop vnhl stack is empte, .

8:5tep3 ; peele the node of the Stack.

istepu; T4 the nade has pon¥isHed chilyd ﬂodes,@ff
~the vovisited child node, move i-0s tavexsed gy push
0N Stocks

5180057 T the node cbes not hove an<<7 onvisited
mild Nodes, pop-he node Fom Jhe stact,

public void dFsC)

( /] DFS Les stack claJras*ruHUwfe.

Stacle & = new Stackt))
Sipeush (Hhi'g, Yoo+nNode) !
Yootrlode o vigited = true?
pYintnlode (~vootnalode )
while( ts, is Empty ()
f ;\ler A= (NOde )S: peek ()
Node child = get Unyisitedl child Node (n ),
P& (ohild | = nall)
1
ehild « viaited = true
piintNee cehitd)
Srpush (child )

elge

Lv) N’C}, \)i\ ) 5/2(7‘/



{ I

SipopPt )
Nd

3

/l cleay yistted PfOpPﬂ’é] 6L nodes
tleaxyNodes ()

N
Breadth Fvs+ Seaveh( prs)

This is o\vcmd diffevent appvoach foy ﬁavevsinﬁ
The 81Qph nodes: The aim of BFS algovihm oty
Hovevse the fraph as close as possible 1o the

Yoot node « eueue o osed % +he iroplermentation
ioﬁ he byeochth #ivat seaveh, let!s see hoy BR4

+Havevsal works with Yespett o the fallowfn@ aw(}i

t)

Y5 |
i we do the breodth fivgt  fravevsal a;:%e‘tf
above amph ord pfint Jhe visited Pode qs -the
output - will print -the fallocwing oufput. AR coeF"
The BFS visHs Jhe nodes level Bcd fevel , <o #wil] |
astoet wHh level 0 which 18 +he yogl Nocke . amy
Hhen H moves +o Fhe next levels which aye 8, (
ond 0. then -the Jevels whith ave € and £

i v -5, Pj . (//3‘7"



@(] fa\of?“f‘h e steps

gtep ! ! pueh +he Yoot node tn the Bueue.

step=+ Joop ontl +he qupue Rs M'Jp*?.

steed 1 Lemove dhe node fvom dhe Byeue,

stepu s 14 the vemoved node hos onvisited child nackes
Moyl them vs vigited and 1nsevtthe vnbrarted ehillysn
in -the queue

pubh’c void bFS()
3

11 Bes vses Bueue datq shuctuve
Oueue g =hew Linked l1g4()
q,. add (this « vootNode ).

pyind Node (this. yoot~ode )
Yoot Node , vigited = trye:

while [1g, i_cz{fnpﬁd())

{

Node N ={npde )g Xenove ()
nNode child = ny)s

while [Cehi ld= getunvisi+ed thi ldNode ) )1=rui))

SL |
childe visited = Hrue

pYintnlode Cehild )

Gradd (ehitd)
Y
J/ cleay Visited mopﬁ? o rocks

CleartOces ()
o

wn k-5, %5/0fg 4



?sp)nnmc& trees

| In <he mothematfeal field #amph Theoy
a panning +ee T of cotonneded - vndiverted ﬁwph
(n 18 atree Gomposlzo' of all4he vevtite ¢ omd Some of
the &?@5‘ of - IrTFOYmaHa : Oépanning hee of 6719 o
aelechon of 30’86’5 ot & Thot fom o tee gpahn;y

| EVNd vevteX ¢ Therk s wwi vertex lies in Jhe Kee
but-no tyeles ave formed: YV On Hhe  othey hand.

evwE]t [ymlge oF 6 mustH b‘plorﬁ 1o T,

W Q,ponnina tee of q ronne(ﬁo/ayqp}, 6

e be defined 05 @ montmal set of. Ed(?
Hdheek ontains  no cyele. oy asa minimg)

S?gfﬁ “dhert connect Qll vevtices

Txeraple,

es of- ¢,
Sel ot

gpcmnrra Lovests

(N spamning -tovest is a Jppe of- subﬁmph
+Hhat 8€h€va}fses the conce ot o spcmryfnﬁ Hee -
+owevey - theve cve 1wo JdeliniHons in (Ommon USe

one is thet o spcm”ff?g foves+ is g gukﬁmph +hat

onsists of a gpann fng Tyee tn eath cONAe tey
- component Of @ qYa ph .

nie -5, P =112



1Cowrh°ﬂg S@Onn?mdq trees
The number +(6) of- spanning Hees of-a

conne( od graph 18 om impPovtan+ iovaviont- Tn some
(0se5, H- ig cocy o calculate +(6) O""Yt“ﬁfa I+ 18 also
widefa v8ed n dota Shuctuves in diffevent Omputey
lanaua@f’sf fov example. £ & is Heelf g Yee. 4hen
dby=1, whil G is Jhe coycle graph Lo withn
verhites, then Hé)d=n, fov Crﬂg 3Yap b the numbey

+ (&) om be caleuloted DQinﬁ ktythhof£5 rogtyy .
tvee Fhepyern

Cﬁ—idjfars forroula s a %vmula fov Hhe nurmbey
‘O‘F_ gponﬂfna ’h‘ees N +the (OmPlt"')'é‘ TC{PI') }Ir) (_Oi‘ﬂ‘)f)

vertites- dhe fovmula states fhet [, )- -2
onOthe of s+a—h‘n8

Cog/r’&'s foYmula 13 Hhat
theve e

RACHY N2 fobelle d trees with
vertites. Caﬁlea's tovmula tom be pyoved vajn
vivechhefd!s  moix — tvee theovem oy via Th

| Pwu#w wde.

L & is the complete bipa~+ite ﬁwph kp,?_‘
then t{t) « pd-1q P, while il t1s he n-
dimenstonail Hapm’tUbf. 8~rqph 6. 4hen

: n _ _ n n
| =(thi] =¥ == ZT_ e (+) These Loy mulae ave
=27

odso tonseguences of  “he matvix. iyee +h & overn,.

Lnt 'y -5, 173 ~ )'L/Q,L}'



!Un}{—o*rm epQﬂﬂfﬂa‘ treeg 22

@Q epannl‘na Free chegen -‘faﬂdo’m%t from
all Hhe Spannfna tees with equel pTobabilfﬂ‘g /3
clled o onHoem Spanding tee (st ). Thys model
hos been extengiye veseovched in pvobc,bf)h‘a
end mathematicoy Vphygics
@Q[aoﬁ—fhms.
| The classic spanning  +ree algavHbm.
depth ~divet seaveh (DFsY . 18 due & Qobevt
Teoryan «@Anot hey impoTtomn+ algoyith m g based
on bYeod+h — fivet SeoNth [BFRg ).

&

?lanav bregphs -

In afmph —F}wemefe a plonoee 87@(75 18 q

graph hut com be erbedded in the plame , i i
coam be Jdvown on Hhe Piane " suth a way +hat Hs
Cd&cs intevsect Onfa at theiv endpoints,

@ planay 8‘!0;35 O)\reacltd chaewn in +he plane
without edge tntevsections e called @ plane graph oy
%.splanon( embeddfn 5‘F’fﬁe 8’\@(3‘%@4 P!one ﬁYQPB
o be defined a8V a plangy @chph i th amopping.
feom vety node  T0 a point in 2n Spag, ond ’;/
fsom every ecBe T0Q plane tuvve, such +hat +he
egveme  polnts of earh cuvve ave Jhe po’n+ts mapped
fsom s end nodes .and all rcuvves ove dr'sjo rnt-
treept on Hhélv extrerne oInt2 . plone graphs
com be  encoded B& corn binotoricd mGpS.

Ly b ‘)V‘j = )3/?’“{/



|
|
- H i eas‘?’a( seen <thort agvc,ph Jheet con be

vawn 60 Hhe plane tem be vawd on Hhe sphere

as well , ond Vvite versa.

The eguivalence class of -opologPeall
equiverlent  dvawings on -the sphere %5 palled’e
plancy map . lejzuﬁ},a plare 3mph has am |
crtevnal oy vnbpunded fate. none of The faces of
a planay map have o gaAylay stetos Apoliatons:-

« Telecormm unicahion 8 — 6’*3 . 8panning treeg
. vehitle mang - eﬁ. plannina Youtes on Yoad g
without vnder passes

. \JLST —-e,a, [aﬁina out dveutts on  computev thip,
» The pue game plonaﬂ'? vequives Fhe plotyey

,.}U { Un+0n8 [e "a p}(]nC[Y 6TCIPI’) 80 'H)Q“’ ﬂODPO"F f+3
ec'a es (inteveert .

—EHomple 8vap hs

@ AN
| i g |
t ' ' I
1 - § o
| | |
;/ g b \n %

gutterthy graph ko
b
A A A A




|
(3rvaph -Fheovzf and appltations:

Grvaphs ave among 1he rost Ub{q/uifi'@us |
models of both nttuyal © ond human-mad e

Shruttuyes . They caom be used o Madel man *fap&g
of velaHops ‘and Procss cfanomf’cg in' physial
bio lo@?cﬁvl and socfal Sgshams, Mongs pYoblems”of
pmr#’ra) 1N toves+- am be Yeprea enteal éa 8YQP5S,

TN computey &iente, 6“3!43}1 ave osed
vepyeseN+ networks of communicaton. dato

maoniloﬁ‘on, omputatona | devices, the flow 6f
tomnputation. etc. One practical example - The link

shuctove ofa website could be Yepresented by ¢ diverted
6mphf The vevtices ave dhe eeb pages available ot

the webstte and a dPverted E’c’@e fsom pQﬁe A ",-Opqﬁe
B exissts if omd onfa A ortaing o ik 4o g
A sterilar  agprooch can be “faken o problems i
Avavel | blo '085' tomputer h’p desiﬁn, and man
other felds . The development ot algsrithme 4
handle .aﬁrapbs %s dhevefpre 0f maspy intevest in
oputey Stiente . Theve . the Fansfoxmaton of-

‘%thg \s often formalived omd yepyesented b
amph yeustite  Systems, %eccf ave either diverHa

vsed ov Pmpe\rﬁeé of 1he vewvitg syatems aye
studied + omplementa —Focamph fonsfovreHon
ens)mrm —FotuGSfﬂa on vule-based in-pmempy
manipulation o+ 8‘*&0”3 ave @*Cﬁph dcﬂﬂbﬁisféﬁeavpd
totoaxds  angoeton — g fe , pevel o sfmfna md
obuendi na ot ﬂmph—gjﬁ ettuved dod

»

bwmiy—§, Pj ot /6/)‘7_.“(’



I -vatph — dheovete methods, tn varous feyms
é-ha\)e SYoven panculaxly viefud o Nngufsﬁcs, Since
fnona} lcm@uqae often lends i1se/£ well o diserete
Syurtuve. ’[”—m&.‘ﬁoncd/? : s%fn-fax and  oropositio nal
Bemantics follbeo tree— bacad Shruttuves, whose xpreche
powoey lles tn the principle of- compogmono/)?fmd@led
in a hievayrht cal a\m{ph within Jexiegy semuontics,
-(’_RPE’NO”? asd applied +p COmpU‘)vYS, mod@’inﬁ woNd
meantng  Ps easiey whPN Qg'ven LoYd 14 ey -
stood in Feyms of velated woyda, ¢emant ¢ netoorks

aie hevefove impovtent in omputation «f
[maufg-mg. abll othey methods 10 phondfoaa and

mofo’)hologj‘ﬁ erve  MMON in Jhe qnalyare of
Joro uog e s Q aTCtPh' Tndeed . The t2efulness of
this  avea of mathematics h’naurs#cs_hos
begre  osganirations suth G5 TextGyvophs _—
well as various 'Net' ovoyects, such o3 ooy Net
verbnet and (Othevs,

Graph Hheovy 15 also wsed o study molecules

tn oot chemisty ond Phasfcsf;?’n ondensed mattoy
fphas?cs, +he thvee dimenslonol etvurtuye o4 _,
omplicated simulated atomic shurtuyes om be stodind
q{umr-l—#oﬁvela bd 8Q‘fhew'n stakiskes on 6Tap),_ |
theoretic  propestes velated o fhe ’fUpD/Oﬁ& 0€ e
atomns: for example, EYanzblou’s 3h0”?°9+-p04h~ri |
Tn chemr‘sha a ﬁroph mokes a NQtoval mock |

tor G nolecyle , wheve vevties struifoves *rmﬁ,‘nﬁ

£som themteal ediors o dorterbase gaqychy |

% v\.ras} }"3 16 /zlf



Tn athernatics, @mpﬁﬂ ove woseful n georoetiy 1.

and € e¥tain oods 04%90[03@ ¢-q lknot %emﬁ&
'@Qi@ebmfc 8TQPh —Iheova has close links with qioup
J;heoxﬁ.

A Erqph shructove can be extonded A
asga‘anfna Q we?ﬁh—f 4y earh f'ofge of fhe 5mpb,

buaphs  with weights. o el ghtel grarhs, are
veed o Yepyesen -~ siyuctuve n tohirh POTY tufge,
tonnechions have spme numerr cal vy

: alues . ~forexampl
- qamph YepYesent+s A yoad net |

Wovk . the Lwetghts
ould * Yeprecent the Ieng-}h of eath Yoo d.

\(B(JS?C (oncepts  Ts omovpb?sm,

Lot Gl ond &l be two gyaphs omd et
£ be o funtion fxom dhe vertey detot 6l To Fhe
VevteX set of bz Suppose that IS one- 4—ope
ond  OMo 4 £0v) Ts adacent o flw) in &2 i4- ool
onhd P v is adyacent 5 w in 6],

Then e Saﬁ that the funcfion £ Ts am
Tsomovphtsm and etV Fhe Hwo graphs &1 ond 62
ave  8omMovphic So 400 gvaphs Y 67). and 67 a¥e
BomnoYphic H Jheve 8 o one —to-one (0¥ Ye SPoncYen-
bebween vevtces of 1 omd those ot &7 coith +he
propery that i twp vevHes of ol ave dpent
dhen g6 e Ahely Fmages in 62, v fwo d¥aphs aie
tsomovphic then as fav as we are conecy ned - he
ase +he Same am.oh +hough “he location st the

Vet ces may be ditterent. To shoe gou bow The

fpmamm can be wvsed o exploYe isomoyphf smakra
-the 8Taph N H@um 4 with progyam .

ni =5, P@ - /'97(2,(%
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“Exanmple:
~he o CcFapJ)g shown belogy, ove YS0moYphfe,
despite theiy diffevent lookr'ng o‘rowrnﬁg

graph

SLib)=b
fic)=9
£(d)=3

{(8)=5‘
Lehy=2
L) =y
tYyl=3

Wi v-5, 09~ )8'/25?

=N 150 movphim
between 4 and H

(
F



|

SubampBS:

(A subﬁvqph of a amph b 18 Oﬁr@ph ewhose
veter sek % a subset ot that of 6, and  whose
aolacency velation s a Subset of -t of- & yestilcied 0 |
+o Jhis’ subset - Tn Jhe other olivection, a supegyaph |
of o 8quh 6 Pe o @mph ot whith &is q sub@mpf;, |
we saa a 8‘1‘Qph & tortarns anot hey ﬁ‘mph-l-/ -

Some subﬁva ph of & 18+ ov 19 |3 Ornox phic 701,

| @Q subavqpb H s a Spar)nfnﬁ Suiavap}>’ 0y |
i—ﬁaﬁm ot o @mph it H has Hdhe same vertex
set 08 . we Say H epans &,
M cubgraph A of a guph b i cald
be Trduced 74~ Fovony poly of- vevasxandOa, of M,
xa %5 an eolae of # i+ omd O”’éf i x& 'S o eolye
of . In gther wovds, # %5 an induted SUb@Yth
of & i it has all fhe &g es that appeay in ¢,
ovey the same vertey get. T£ Hhe vevteyget of 4 1s
1he Subset-S of vty 1hen H can be covitten as
L tq[s) and is eald o be induced ba g

&l gvaph That does not-comafn 4+ as an 1aduted
subgyaph \s sald o be H-Free. |

@l univevsal grqph ina thass k of dwqph 18 g
?S\lmplc a«raph fn whirhtveva‘ element in Lk can be
éembedded Qs qeubampb—

ik =S, 0519/



Hh 4(;\' O omple af aph - i q Gubavoph l00k3 likg
OIS, the vevHes 1 Jhat <ub

| aph fom aclf
D@ S te s, @ qQue
Mult 81*(1;3})3;

l In mathematfes, a mulh aPh OY pseudp -
graph tS Q \raph which Ts peTme\ocf To have |
‘enutiple edﬁe . thatis —that have —he same end
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